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Abstract 

In the context of the bulk-boundary correspondence we study the correlation 
functions arising on a boundary for different types of boundary conditions. The 
most general condition is the mixed one interpolating between the Neumann and 
Dirichlet conditions. We obtain the general expressions for the correlators on a 
boundary in terms of Green's function in the bulk for the Dirichlet, Neumann and 
mixed boundary conditions and establish the relations between the correlation func- 
tions. As an instructive example we explicitly obtain the boundary correlators cor- 
responding to the mixed condition on a plane boundary of a domain in flat 
space W^^^. The phases of the boundary theory with correlators of the Neumann 
and Dirichlet types are determined. The boundary correlation functions on sphere 
S"^ are calculated for the Dirichlet and Neumann conditions in two important cases: 
when sphere is a boundary of a domain in flat space R'^'^^ and when it is a bound- 
ary at infinity of Anti-De Sitter space AdSd+i- For massless in the bulk theory 
the Neumann correlator on the boundary of AdS space is shown to have universal 
logarithmic behavior in all AdS spaces. In the massive case it is found to be finite at 
the coinciding points. We argue that the Neumann correlator may have a dual two- 
dimensional description. The structure of the correlators obtained, their conformal 
nature and some recurrent relations are analyzed. We identify the Dirichlet and 
Neumann phases living on the boundary of AdS space and discuss their evolution 
when the location of the boundary changes from infinity to the center of the AdS 
space. 
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1 Introduction 



It was recently proposed in 0, that there is a correspondence between theories defined 
in the bulk and on the boundary. Particularly, the quantum correlation functions of the 
boundary theory are expressed in terms of classical Green's functions in the bulk. This 
correspondence was demonstrated in 0, for Anti-de Sitter (AdS) space the spatial 
infinity of which plays the role of the boundary. Green's function in the bulk arises in the 
boundary value problem with the Dirichlet condition at infinity. The consideration of |^ , 
1^ is motivated by the suggestion made in that the large limit of a superconformal 
Yang- Mill theory with gauge group SU {N) in d dimensions is governed by supergravity on 
the product space AdSd+i x S (S is a compact manifold, often it is sphere 5"^"*"^). Thus, one 
may hope to understand important features of QCD by just solving the supergravity on the 
AdS space. Particularly, this may establish the long time suspected 0] underlying string 
theory description of QCD in four dimensions since the supergravity under consideration 
is what arises in the low-energy limit of type IIB superstring compactified on AdS^ x E. 
The works initiated a fiow of papers developing further the bulk-boundary (usually 

referred as CFT/AdS) correspondence ||^-| 



The classical and quantum fields on AdS spaces are studied for long time fl^, [0. 
This study is, in particular, relevant to the physics of three-dimensional (BTZ) black holes 
( see ||T^] and references therein) and to the extreme limit of higher-dimensional black holes 



EG]. That the AdS space has a boundary at infinity means that some condition should 



be imposed there. In the context of supergravity the analysis made in |T8[ shows that 
there are two types of conditions which preserve the supersymmetry: when one fixes the 
field function u (the Dirichlet type condition) or its normal derivative dnU (the Neumann 
type condition) at infinity of AdS space. 

In the present paper we investigate in a systematic way the correlation functions arising 
on a boundary for different types of boundary conditions. One of the starting points of 
our study is a simple observation that the bulk-boundary correspondence is not a feature 
of AdS spaces only but is a general phenomenon. In the Euclidean version it arises 
in an elliptic boundary value problem on arbitrary manifold with a boundary. Different 
boundary conditions describe different theories on the boundary or, better to say, different 
phases of the boundary theory. The most general condition one may impose is the mixed 
one when the combination {dnU — hu) is fixed on the boundary. Changing h from zero to 
infinity it interpolates between the Neumann and Dirichlet conditions. Thus, in terms of 
the coupling h the Neumann phase appears on the boundary in the weak coupling regime 
while the Dirichlet phase corresponds to the strong coupling. Not for any manifold the 
elliptic boundary problem for the mixed condition can be solved explicitly. As a simple 
example when it can be done we consider a domain of flat space R'^'^^ with plane boundary 
R'^. The boundary correlators corresponding to the mixed boundary condition interpolate 
(when h varies) between the correlators arising in the Neumann and Dirichlet problems. 
For a finite h both phases (with the Neumann and Dirichlet type correlators) present on 
the boundary. When either boundary or manifold itself (or both) is curved the general 
picture remains the same though the solving the elliptic problem becomes technically 
more difficult. Therefore, one can solve the Neumann and Dirichlet problems first and 
then apply the dimensional arguments to get the structure of the correlation functions 
corresponding to the mixed boundary condition in the regimes of weak and strong coupling 
h. Proceeding this way, we calculate the Neumann and Dirichlet correlators arising on 
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sphere S'^ in two important cases: when S'^ is a boundary of a domain in flat space R'^'^^ 
and when it is a boundary at infinity of space AdSd+i- These cases are actually related. 
They are the limiting points in the family of boundary problems on a domain of AdS 
space when the boundary is shrinking from infinity to the center of the space. 

Our results for the Dirichlet phase at infinity of AdS space are in agreement with 
the consideration of 0, 0. What concerns the Neumann phase, we find that it has 
quite remarkable feature: in the massless case the corresponding boundary correlation 
function is logarithmic for all AdS spaces. We argue that there is a dual two-dimensional 
description of this phase. In the context of the Yang-Mills theory on the boundary of 
AdS space the Neumann phase may describe that regime of the theory where the string 
(two-dimensional) nature of QCD manifests the most. The mass in the bulk plays the 
role of a regulator in the Neumann phase: the corresponding correlator becomes finite at 
the coinciding points. 

This paper is organized as follows. In the next Section we give a general consideration 
of the boundary-bulk correspondence and obtain the expressions for the correlators on 
the boundary in terms of Green's function in the bulk for the Dirichlet, Neumann and 
mixed boundary conditions. We establish also the relations between Green's functions 
corresponding to these conditions. The boundary value problem with the mixed condition 
on the plane boundary of a domain of flat space R'^'^^ is explicitly solved and the 
corresponding boundary correlators are analyzed in Section 3. In Sections 4 and 5 we 
study th correlation functions (of the Dirichlet and Neumann type) arising on sphere S'^ 
considered as a boundary of a domain in flat space R'^'^^ and space AdSd+i respectively. 
The structure of the correlators obtained, their conformal nature and some recurrent 
relations are analyzed in Section 6. In Section 7 we discuss the Dirichlet and Neumann 
phases living on the boundary of AdS space and discuss their deformation in the limit 
when the location of the boundary changes from infinity to the center of the AdS space. 
The presence of black hole inside AdS space is shown to affect the boundary theory in this 
limit. Throughout the paper we consider only Euclidean version of the boundary-bulk 
correspondence. 



2 Preliminary 

Our starting point is the action 



W=U {Vur (2.1) 

Z JM 



for the scalar field u on Euclidean manifold A4 with boundary B. Varying (|2.1| ) with 
respect to u we arrive at the Laplace equation 

Du = . (2.2) 

The solving of this elliptic problem requires imposing on the function u some condition 
on the boundary B. The minimal condition which can be imposed is determined by 
considering the term 6Wb = dnu6u arising on the boundary under variation of the 
action (|2.1|) , (9„ = n^df^ is derivative with respect to outer normal n to the boundary B. 
The term 6W13 vanishes in two cases: i) if 3„m = on S or ii) value of u is fixed on B, 
particularly we may put u\is = 0. In fact, either of these conditions is necessary to impose 
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in order to have the Laplace operator □ self- adjoint on the manifold Ai. Considering 
perturbation of these conditions we find 

dnu\i3 = g (2.3) 

and 

u\b = f (2.4) 

which are known respectively as the Neumann and Dirichlet boundary value problems, 
g and / are some functions on the boundary. The function g is not arbitrary. It must 
satisfy the condition 



f g = . (2.5) 



The standard way to solve an elliptic boundary-value problem is to apply Green's 
formula 

u(M)= [ (G(M,P)dMP)-dnG(M,P)u(P))dJ:p , (2.6) 
Jb 

where G{M, P) is source function (Green's function) defined as a solution of the equation 
( |2.2| ) which has a singularity at the point M = P. When point M approaches point P we 
have 

G(M, P) ^ In , tf dim(M) = 2 

d+1 

where a{M,P) is geodesical distance between the points, = J^dl = It^t is area of 
(i-dimensional sphere of unit radius. 

Additionally on should impose the boundary condition 

G{M,P)\peB = (2.8) 

for the Dirichlet problem and 

dnG{M,P)\pes = (2.9) 

for the Neumann problem. Then the solution of the elliptic boundary value problem takes 
simple integral form: 

UD = - f dnGDiM,P)f{P)dEp 

Jb 

un= f GN{M,P)g{P)dJ:p + constant (2.10) 
Jb 

where D{N) refers to the Dirichlet (Neumann) case respectively. In the Neumann case 
the solution is determined up an irrelevant constant. Values of the harmonic function u 
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inside the manifold Ai, thus, are completely determined by the boundary conditions on 
B. 

This purely classical and elementary (actually, taken from the students text books 



21[| , P4 ) consideration of the boundary value problem occurs to be important in the 
quantum theory. Indeed, a quantum state of field u on manifold with boundary B is 
determined by fixing the boundary condition (p.3|) or (p.4|) and considering the functional 



integral over all u approaching the fixed values at the boundary: 



■^o[f,B]= ( Vue 

Ju\K=f 



/ 

^N[g,B]= I P«e-^N (2.11) 

Jdnu\s=g 

Since we have different types of the boundary conditions there are different quantum 
states and '^n- 

For a free field described by the action (|2.1| ) it is easy to find how the quantum state 
^ N{D) depends on the condition on the boundary. Indeed, arbitrary field u in the integral 
( p. Ill) defying D(N)-state can be represented in the form 



where ur, (mtv) is classical solution (|2.1CI| ) and u\) {u%) is a "quantum" field with zero 
boundary condition: 

dnU%\B = , uI)\b = . 

These conditions are what is necessary to impose on the boundary in order to the Laplace 
operator n^[0]^) be self-adjoint. The functional integration in ( |2.11| ) then can be per- 
formed and the result reads as follows 

^n[9,B] = e-^["^l det-^/^a^ (2.12) 

The dependence of the quantum state on the values of the quantum field on the boundary, 
thus, is given by the classical action functional ( p.l|) considered on the classical solution 

W =- f u dr,u 



2Jb 



W[un] = lJJ 9{P)GM{P,P')9{P')d^pdJ:'p 

B 

W[ud\ = -\jj f{P)d'AGN{P. P')f{P')dT.pdT.'p (2.13) 



Note that due to the condition ( p.5| ) the adding of arbitrary constant to Gat does not 
change value of the functional VF[?XAr] in ( p. 131) . 

Since the quantum state ( p.l2[ ) is a functional of values on the boundary B it is quite 
natural to relate it with some field theory on B. The proposal of 0, 0] is to identify 
( p. 12 ) with the expectation value 

^>D[f.B]=<e-^Bf^^ >e (2.14) 
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of an operator Ox> arising in this boundary field theory. Generahzing this proposal for 
the Neumann condition we have 

^N[g,B]=<e-lB9^^ >^ . (2.15) 

The functions / and g play the role of the external source for the theory on the boundary 
B. Note, that the right hand side of the equation ( |2.15| ) does not change under shift the 
operator On on a constant: — > Ojy + constant. This is due to the condition (|2.5| ) for 
the Neumann source g. Variation with respect to the source standardly gives correlation 
functions 

<On{P)On{P')>=\Gm{P.P') , (2.16) 

P and P' lying on the boundary i3, which in our case are completely determined by the 
bulk Green's functions. 

An interesting generalization of the above construction is to consider the so-called 
third boundary value problem (or Robin type condition): 

{dnu- hu)\B = g , (2.17) 

where h can in principle be some function on B but in the simplest case it is just a 
constant. It is easy to see that the condition ( p. 17 ) is intermediate between the Dirichlet 
and Neumann conditions. Indeed, in the limit /i — eq.( |2.17| ) is just the Neumann 
condition while in the limit /i — > oo we arrive at the Dirichlet boundary condition provided 
that g = —hf. 

In order to accomplish the condition ( p. 17] ) in the action principle we need add to ( |2.1| ) 
some boundary term describing "boundary interaction" . The total action is 

W^W = 1 / {Vu)'-l [ hu^ . (2.18) 



2Jm 2 

Variation of (|2.18| ) with respect to u gives us the "minimal" boundary condition 

{dnU — hu) \b = 0. It determines /i-dependent self-adjoint extension □(z^) of the Laplace 

operator on Jvi. 

Defying the corresponding Green's function G^^*"^ with the boundary condition 

{dnG^'-XP, P') - h G^'-Xp, P')) \peB = (2.19) 



and applying Green's formula ( p.6|) we obtain the solution of the third boundary value 
problem (|2.17|) 

„W = f Q{h) g ^ ^2.20) 



The corresponding quantum state is defined as follows 
where 

^ ^ 27b 

= \ j j 9{P)G^''\P.P')g{P')d^pd^P' . (2.22) 
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We see that the parameter h can be viewed as strength of the boundary interaction in 
( p.lSl) . The importance of the states ( p.2lD is that they give us a flow between D— and 
A^— states. Particularly, considering the boundary operator 0(^h) such that 

we expect that the corresponding correlation functions 

< 0(.)(P)0(.)(P') >= \g^h){P, n (2.23) 

form a one-parametric family interpolating between A^- and D-correlators. 

Interestingly, the Neumann correlator arises in the weak coupling limit {h 0) while 
the Dirichlet one appears in the strong coupling regime {h oo). Indeed, taking the limit 
/i ^ in (pl9l) we obtain the Neumann Green's function G^^'^^^P, P') = Gn(P, P') and 



the action ( |2.22| ) coincides with the Neumann expression W[?/jv] ( p.l3|) . On the other 



hand, we get the Dirichlet condition when taking the limit /i — * oo in (|2.19|) , so we have 
G'''^^°°\P, P') = Gd{P,P')- Moreover, applying the normal derivative dn' to eq. (|2.19|) 
and considering P' lying on the boundary as well we obtain the relation 

G^^\P,P')\p,p,^B=l^dndn'G^^\P,P')\p,p,^B ■ 

Therefore, in the limit h ^ oo we find that 

G'("^°°)(P,P')|p,P'ee = ^dr,dr,GD{P,P')\p,P'eB 



and the action ( |2.22| ) becomes minus the Dirichlet action W^[tiz)] ( p.l3|) if we substitute 



g{P) = —hf{P). Hence, the correlator (|2.23|) is the Neumann correlator for /i — > and is 
minus the Dirichlet correlator for h oo. 

Not for any manifold Ai the /i-problem can be solved explicitly. In the next Section 
we give the explicit solution of the problem when Ai is fiat space and its boundary B 
is a plane. However, it is always useful to remember that A^- and D-problems are just 
limiting cases of more general class of problems. 

It is worth noting that the boundary condition of the type ( |2.17|) arises in the important 



case of the scalar field coupled non- minimally to curvature 7^ of A^: 

W = l[ iiVuf - iUu') - / ^ku' , (2.24) 

2 JM JB 

where k is extrinsic curvature of the boundary B. The adding of the boundary term in 
( |2.24|) is necessary to have the well-defined variation of W ( p.24|) with respect to metric 



p3[] . The natural boundary condition arising from ( |2.24| ) is the following 

{dnu - 2^ku) \B = g (2.25) 

Note that even if manifold M. is fiat {TZ = 0) the non-minimal coupling in ( ^.24| ) still 
manifests if the boundary B has non-trivial extrinsic curvature. Note also that by adding 
a boundary term a udnU to ( |2.24| ) one can change the relative coefficient in the left 
hand side of eq. (|2.25| ). 
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3 Flat space with plane boundary, 
Dirichlet-Neumann duality 

In this Section we consider the case when the manifold Ai and its boundary B are R'^^^ 
and respectively. In this case the consideration given in ithe previous Section is realized 
explicitly. 

Let (xi, ...,Xd,z) be coordinates in the space R'^'^^. We consider only a part of R'^'^^ 
defined by condition 2; > 0. So, the boundary B = R'^ is the plane z = and the normal 
derivative is dn = —dz- The fundamental solution of the Laplace equation in R'^^^ is the 
function ^ ^ ^ 

9d U + {z- z'f) = — — -—^ , > 1 

<?.(p^ + (.-/)^)=-i^ln^-^^^l— ^ ,d=l 

where p = {xi — x'lY + ... + (x^ — x^)^ is the distance between the points on the plane 
B. It is easy to construct Green's function in both the Dirichlet and Neumann boundary 
value problems 

GtU=9d{p' + {z-z'f)Tg<i{p' + {z + z'f) , (3.1) 

where sign (— ) stands for the Dirichlet problem and (+) is for the Neumann problem. 
The boundary conditions 

Gd\z=o = , dzGN\z=o = 

are obviously satisfied. 

Green's function for the Robin type condition ( |2.19| ) can be found explicitly as 
well. Let us search it in the form 

GC^) = Gn + v , 

where v = v{xi — x[, Xd — x'^, z + z'). Then from the boundary condition 

(c?,G('^)-/iG('^))|,=o = 
we find the differential equation for the function v = v{xi — x[, ...,Xd — x'^,^) 

d^v - h V = 2hgd{p' + e) ■ 

The solution reads 

r+00 

V = -2h / e-'^'gdip'' + s^)ds , 

where the constant of integration has been chosen in such a way that v goes to zero when 
^ goes to infinity. It is easy to check that the function v is indeed a solution of the Laplace 
equation. Green's function for the mixed type boundary value problem then reads 

Gf^ = g, + {z- zr) + 9, {p' + {z + zr) - 2h e^(^+^') ^23) e-'^'9d {p" + ds 

^'^''^ (3.2) 
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It is straightforward to check that in the hmit h ^ Green's function G^'^^ indeed goes 
to the Neumann Green's function Gn i W^ as it was anticipated in the previous Section. 
On the other hand in the hmit of large positive h we have 



/ e~'^g, (p' + s') ^ g, (p' + {z + z'f) / c'^^ds 

J(z+z') V / V / J(z+z') 

-^-'^'^''^9, (p' + {z + z'^' 



h 

and the Dirichlet Green's function Go arises in ( |3.2|) . This is also in accord with the 
expectations of the previous Section. 

The action functional calculated on the classical solution, thus, takes the form (|2.22| ) 
with Green's function G^^^ in the form ( p.2|) . We find the correlator induced on the 
boundary B 

< 0^''\P)0^'\P') >= = Ig^h){p,p') , 



1 1/1 , /•+°° e 



-hs 



Kf=^' = — [-\np' + hJ^ e-''ln{p' + s')dsj , (3.3) 

where p is the distance between points P and P' on R'^. Another representation for the 
correlators (Of) is the following 



I / r+oo Q-hs 



In the weak coupling limit /i the correlators K'lj^-^ go to the ones arising on the 
boundary B in the Neumann problem 

In the strong coupling limit h +oo we have 

e"'*^ 1 (rf-1) 1 



/ e-'^^ ln(p2 + s^)dsc^-\np^ + —^ 
Jo h n-^p^ 

and the correlators (B.3|) behave as 



. -i/f. , A-^' = i-^ . (3.6) 



where = —^dzdz'GD\z=z'=o is the correlator arising on the boundary in the Dirichlet 
problem with Green's function Go ( p.ll) . So in the limit of large h the boundary operator 
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behaves as O^^^ ~ j^O^, where is the operator arising on the boundary in the 
Dirichlet problem. Note that the Dirichlet correlator ( p. 61) induced on c?-dimensional 
boundary is related to the Neumann correlator induced on + 2)-dimensional boundary: 
Kf) = —2TrKp''^. This indicates the duality of the strong and weak coupling regimes: the 
Neumann problem on ((i + 3)-dimensional space is dual to the Dirichlet problem on [d+l) 
dimensions. 

The operators 0^^\P) have dimension . Therefore, their correlators are likely 
to behave as for small p. However, for a fixed coupling h in the limit p — the 



correlators ( p.3| ) possess a series of the divergent terms 

- WT)h (;;^ + 7^ + - + 1^ + - + ^^i"^-' '"("") I ■ (3-^) 

where {b^^^} are some coefficients. For {d — 1) even only even powers of p can appear in 
the series ( p.7[ ) so in this case the coefficients 62!^ vanish. In a few particular cases the 
series (|3.7|) reads 



Aw --J^ tap' . 

. 1/1 2h h\ , ^\ 



The expansion (|3.7| ), (|3.8| ) is valid for [ph] « 1. The leading contribution is given 
by the Neumann correlator ( p.6| ) arising in the free regime. In the opposite case, when 
(p/i) >> 1, the correlators (|3.3| ) tend to the strong coupling expression (|3.6| ). We see that 
in the region (p/i) << 1 the weak coupling regime is restored. In this regime an operators 
0^^\P) can be viewed as a (perturbative in h) composite of operators of dimensions 
(d-fc-i) ^ rpj^^ contribution of each such operator to the correlator (|3.7|), ( p.8| ) comes with 
weight W'. In the region {ph) » 1 we have a strong coupling (Dirichlet) phase. The 
parameter h characterizes the size of the region separating the free (Neumann) and the 
strong coupling (Dirichlet) phases. 

The correlators ( |3.3| ) being considered as functions of the geodesical distance p possess 
interesting recurrent relations. Consider a set of operators A„ = p~^^~^^ dp{p'^~^dp) . A„ is 
radial part of the Laplace operator in d dimensions. A combination of these operators is 
a first-order differential operator: A„ — A„_fc = ^dp. It is easy to see using the property 

= 'jfi'^d that 

p-'dpKf,^ = -27rK(lf ,d>l. (3.9) 
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This relation is independent of h. In the hmit of strong couphng we find that K^f^^ ~ 
j^K^tl = —-^Kf) and we have the relations 

which establish the duality between the Neumann and Dirichlet problems on flat space. 

The correlators K^f^^{p) are defined on d-dimensional space R^. However, one can 
consider them on space of arbitrary dimension. More precisely, on a space C = one 
can define all tower of correlators {K'^^y^-^^p) , d>l} where p is the distance measured on 
C = R"^. It can be done in the following way. Consider two points P and P' on C = R"^ 
and a space A4 = R*^^^ which boundary B = dM. intersects the space C = i?" in such a 
way that P and P' are lying on B. Then a field theory on M. induces correlator K'lj^-^ for 
any pair of points on B and particularly for the points P and P' . Using now the group 
of symmetry of the space C and moving M. along C one can define the correlator K'^^f^^ [p) 
for any pair of points on C. This offers an interesting interpretation for the correlation 
function (3/7). It arises for a pair of points of the space B = R'^ lying on intersection of B 
with boundaries of the set of planes {V^ = R'^~^^^, k = 0,...,d — 1} with the Neumann 
boundary problem considered on each plane. Then each plane V'' induces A^-correlator 
~ pd-k-i for this pair of points, and the total correlator (|3.7|) is just a sum over all these 
contributions. 

We finish this Section with a brief comment. Consider the following integral 



/ d'^x f d'yf{x)^^-—f{y) 
J J \x — v\ 



y\ 

It is well-defined for n < d and is divergent when x ^ y for n > d. The inte- 
grals of this type appear in our boundary action. It follows that the boundary action 
_ J J g(^p^X(^h-j(P, P')g(P') is finite for any finite h since the leading divergence 

in the correlator /^(ft) is ^^a^. On the other hand, the correlation function in the 
Dirichlet phase behaves as and the action = I J f{P)KD{P,P')f{P') should be 

regularized. The simplest way to do this is to consider the action 



W^l = JJ f{P)KD{P. P')f{P') - j j f{P)Kn{P, P')f{P) (3.10) 

B B 

which is obviously finite. The last term in (|3.10|) can be re-written as follows 

h / f(P) , h = -c r-^dr , 
Jb Jo 

where c is a (positive) constant. We see that the counter-term to be added to takes 
the form of local boundary term as in ( |2.1(j| ). Alternatively, one may use analyticity 



method to regularize the Dirichlet action. It involves the identity /g^°° r^dr = 
which is proved by analyticity in A. A regularization of the correlation functions has been 
also discussed in 0. 
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4 Flat space with spherical boundary 



In this Section we study the boundary correlation functions described in Section 2 when 
manifold is a domain of {d + 1) -dimensional flat space i?*^"*"^ with boundary B being 
rf-dimensional sphere S"^ of radius R. We start with analysis of the simplest d = 1 case. 

4.1 Dirichlet problem on with boundary S*^ 

Let P and M be points on R^ with polar coordinates {po, (f)') and (p, 0) respectively. We 
consider the domain inside the circle of radius i?, i.e. po,P < R- Green's function 
takes the form 

G(P,M) = ^ln-^+t;(P,M) , (4.1) 
ZTT r[R,M) 



where r(P, M) = \J + Pq — 2ppo cos(0 — 0') is distance between the points M and P 
and f (P, M) is harmonic function which is regular everywhere in the domain. v{P.M) is 
determined by the Dirichlet condition G{P, M) = if P lies on B. In order to construct 



Ml 

p 

The distance ri between P and M* satisfies the relation 



f (P, M) consider point M* with coordinates (p* = , 0). It is conjugate to the point M. 



^(r^ + P^(|-l) + P^-p^) . (4.2) 



Rt 

I 1 — 

function Go takes the well-known form 



If P lies on (po = R) then we have ri = This implies that the Dirichlet Green's 



^^ = ^(111--^^] . (4.3) 

l-K \ r pri J 

It is easy to find that 

and the normal derivative of Gd is 

Thus, the solution of the Dirichlet problem m|po=-R = /(^) takes the form (see eq. (|2.10|) ) 

Mp, <I>) = 7^ r 2 ^op ,. /(0OW • (4.5) 

2ttRJo P^ + p^ — 2Ppcos(0 — 0') 



This formula is known as Poisson's integral for a circle ||21|| . 

Calculating the second normal derivative of Gd on the boundary we obtain according 
to eq.( p.l6| ) the correlation function on the boundary B = 

<On{<l>)On{<P')>=Kn{<j>A') = - ^ ■ (4-6) 

SvrP^ sm (^^^-2^) 

This is in agreement with that the boundary operator On has dimension 1. 
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4.2 Dirichlet problem on R'^^^ with boundary 

The above two-dimensional result can be easily generalized for the Dirichlet problem on 
a domain of {d + l)-dimensional space R^^^ with spherical boundary S'^. The metric on 
R'^'^^ takes the form 

ds'^ = dp^ + p^du? , 

where duj"^ is the metric on the d- dimensional unit sphere. In the spherical coordinate 
system with origin in the center of the sphere consider two points P and M with coor- 
dinates {po,6[) and (p, 6*4) respectively, 9i ,i = 1, ...d are angle coordinates on the sphere 
S**^. The distance r between them is found from the relation 

r'^ = Po + p'^ - 2ppocos7 , 

where 7 (0 < 7 < tt) is the geodesical distance measured on the (i-dimensional unit sphere. 
Green's function satisfying the Dirichlet boundary condition on S'^ takes the form 

where ri is the distance between the points P and M* defined in the same way as in 
the previous subsection. Note that r and ri satisfy the same relations (|4.2| ) and (^^) 
as in two-dimensional case. Proceeding in the same way as in Section 4.1 we find a 
generalization of Poisson's integral ( [4.5|) in higher dimensions 

MP, e.) = / f fmR'dp{e) , (4.8) 

l^d ri Jsd (^n^ + pi _ 2i?pcoS7) 2 

where R'^dp{6) is measure on S**^, 7 is the geodesical distance on the unit sphere between 
points with coordinates 6 and 9' . The correlation function defined on the boundary S'^ 
then reads 

{AR^ sm'^ 

It is a higher-dimensional generalization of the expression ( [4.61 ). 

4.3 Massive case and the limit i? ^ 

If the field u is massive then we have the equation 

(□-m2)M = (4.10) 

instead of the Laplace equation (|2.2| ). In {d + l)-dimensional fiat space M. = R'^^^ the 
fundamental solution of this equation is found to take the form 

, , 1 , in , d — 1 

gd{m,r) = 2 Kd^{mr) , (4.11) 
(ztt) 2 r 2 

where r is the distance between points P and M in R'^'^^. For even d the expression ( |4.11| ) 
is particularly simple taking into account that the modified Bessel function Ki, is 
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for integer n. 

The expression ( [4.111) can be obtained as a result of applying the formula 



9d{r) = / dsK:jid+i{s,r) , 
Jo 

where /Cfld+i(s, r) is the heat kernel function on R^^^ defined as solution of the equation 

dslC = (□ - m^)}C . 
In R'^'^^ the heat kernel is known to take the form 



2 -2 



ICn...is,r) = —-^e-"^ ^e-^ . (4.12) 
(47rs) 2 

Green's function for the operator ( [4.10[ ) with the Dirichlet condition on sphere can 
not be found using the method of images so useful in the massless case. It is, however, 
possible to construct an auxiliary Green's function G£){P,P') which vanishes when both 
points P and P' lie on the boundary 

R p 

Gj^{m,r) = gd{m,r) - gd{—m,—ri) , (4.13) 

p R 

p and ri are defined as in eq. (p7| ). Near the boundary the true Green's function GoiP, P') 
- Gd{P, P')+ao{-f) +ai{-f){R- p)+a[{-f){R- p'). Therefore, the knowledge oiGnlP, P') 
is enough for our goals. 

Using the eq.( [4.4| ) and the identity xd^K^^x) — uKnu{x) = ) for the modified 

Bessel functions and calculating the normal derivatives of the expression (|4.13| ) we find 
the boundary correlation function 

+7rT^I^ ^J^— 7 2m/2sin^ 4.14 

(27r)^4i?^ 2i?sm^ 2 2 



corresponding to the massive theory (|4.1CI|) in the bulk. The first term in ( [4.14|) is the 



leading one for small 7. It takes the same form as for plane boundary. The second term 
in ( [4.14| ) collects the effects of curvature of the boundary. For small 7 it is proportional 
to ^(i?sin 2)^""^ cind leads to new divergent terms only for d > 3. 

It is of interest to consider the limit i? — in the expression ( [4.14|) . Then the Bessel 



function can be approximated by its value at small values of argument. The leading term 
is given by the correlator ([4.9|) of the massless case. This is not surprising because the 
eq. (14.101) is effectively massless for small values of the radial coordinate. However, there 



also appears the whole series of the subleading divergent terms when we take the limit of 



small radius R in (|4.14|) . These terms are proportional to powers of mass m. In order to 
accomplish the limit ^ we introduce an operator Od{P) having the same dimension 
^ as the operator Od{P)- For small R we have Od{P) — (f ) ~Od{P) where a is 
some (finite) scale. The limit R ^ Q for the correlation function of the operators 0£,{P) 
is well defined 



(2a sm^|'*+^ 
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and coincides with the the correlation function ( [4.9| ) on sphere of radius a in the 
massless case. 



4.4 Dirichlet problem on R'^^^ x S 

The results of Section 4.3 are useful when we consider the Dirichlet problem on a domain 
of a product space R^^^ x S with boundary B = S'^ xJ], where E is compact manifold with 
coordinates {x}- Let the functions {^(x)} form the orthonormal basis of eigenf unctions 
of the Laplace operator considered on the compact space S, i.e. we have 

□eK = -XlYn 

Yn{x)Ym{x)dKx) = Sn,m • (4.16) 



The field function u being considered on R'^'^^ x S expands with respect to this basis 

n 

where are functions on R"^^^ satisfying the equation ( [4.10|) with "mass" m = A„. 

The Dirichlet boundary condition consists in fixing the infinite set of functions {fn}'- 



u 



B = fiX:0)=Y.Ynix)fnie) 



where {9} are coordinates on S'^. 

Green's function expands with respect to the basis {Y„} as follows 

GiP,P') = Y.Y4x)Ynix)Gn (4.17) 

n 

where G„ is Green's function for the operator ( [4.9|) on R'^^^ with mass m = A„. 
Considering on the boundary the source term 



f{x,e)OD{x,0)dfi{x)dM 
we obtain the correlation function for the boundary operator Od{Xi ^) 

< Od{x, 0)Od{^, 9') >= Ks.^x, 0, x', 0') 

= ^F„(x)1;(x')^d(A„,7) , (4.18) 

n 

where Kd(A,7) is the correlator ( [4.14|) . In general it is rather complicated function. We 
are, however, interested in considering the limit of ( |4.18| ) when radius R of the sphere S'^ 
goes to zero. In this limit the function K]^{\m 7) becomes independent of A„. Introducing 
new operators Od{x-,(^) such that Od{P) — (f) ^(5d(-P) for small i?, we obtain the 
following remarkable factorization 

ks.^^{x.0.x:.0') = 5^{x-x:)KsA9,9') , (4.19) 

where Kgd{9,9') is the correlator ( [4.9|) , ( [4.15|) arising on sphere 5''^ of radius a. The 
correlator ( ^.19| ) describes motion of a quantum particle which does not propagate along 
the component S of the space S''^ x S. 
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4.5 Neumann problem on 

Solving the elliptic problem with the Neumann condition imposed on spherical boundary 
we need to modify the definition of Green's function. More precisely, Green's function 
Gn{P, P') of the Neumann problem should be a solution of the equation 

nGN{P,P') = C (4.20) 

subject to the Neumann boundary condition 

dnGNWB = Q . (4.21) 

The right hand side of the equation ( [1.20| ) is a constant C. Therefore, we still can 
apply Green's formula (|2.6| ) and obtain the expression (|2.10|) for the solution um{P) of 
the Neumann problem taking into account that un{P) is determined up to an irrelevant 
constant. In fact, the constant C in ( [4.20| ) is not arbitrary and is determined by the 
requirement of consistency of the boundary condition ( |4.21| ). In two dimensions we find 
that C = — ^ and Green's function takes the form 

GN{P,P') = j^, + ^U-+\n^] , (4.22) 
AttK^ 2tt \ r pri J 

where {pq, 0'), (p, <p) are coordinates of the points P and P' respectively. Definitions of r 
and Ti are the same as in Section 4.1. By means of simple calculations using eq.( [4.4D one 
shows that the condition (|4.21| ) indeed fulfills for Green's function ( [4.22| ). Considering 
( [4.22|) when both points lie on the boundary B {po = p = R) we obtain according to 
( p.l6| ) the Neumann correlation function on B = 

K^(<^,0O = -i^lnsin2^^ , (4.23) 
where we neglected all irrelevant constants. 

4.6 Neumann problem on R'^^^, d > 2 

In higher dimensions we search the solution of the equation ( [4.20| ) in the form 

Gn{P, P') = a-^pl + (^^^ + v{P, P') , (4.24) 

where v{P, P') is harmonic function, = 0, which is regular everywhere in the domain. 
Note that in R'^^^ the function pg is a solution of the equation Dpg = 2{d + 1). The 
condition is consistent if we put a = 2((i+l)i?'^+^Erf+i in ( fTI^ and C = 2{d+l)a-^ 

in (loop . 

In 3-dimensional case Green's function with the Neumann condition on S"^ takes the 



following form |22 



Gn = ^ + ^ + j^- + w , (4.25) 
onR'^ Anr Anri p 



where 

w = -^;^ln fri + — - pocos7j (4.26) 
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is harmonic function, Ow = 0. The calculation of normal derivatives 

1 1, 



dnPo\po=R - 2-R , dnW\po=R - -^^{^ ~ -) 

1 1 R l_ 

"U7rr + 47rrip^'^''=''~ A-kRt 



shows that the condition (|4.21| ) fulfills for Green's function ([4.25|) . 



The boundary correlation function corresponding, in accord with ( |2.16| ), to Green's 
function ( [4.25| ) reads 



^ — -jGN{P-,P')\p,P'eB 



87ri?sin^ Svri? 



Insin^J , (4.27) 



where 7 (0 < 7 < vr) is geodesical distance between P and P' on the unit two-dimensional 
sphere. If the spherical coordinates of the points P and P' are (0, 9) and (0', 9') respec- 
tively then 7 is found from the relation 



sin^l = sin^(^-y^) + sing sin ^'sin^ C^ ) . (4.28) 

The first term in ( ^.27| ) is what we could anticipate basing on the analysis of the 
Neumann problem on plane boundary (see eq.( p.5|) ). Surprisingly, we obtain also the 
logarithmic term in the correlator ( [4.27| ). It arises due to curvature of the boundary and 
could not be anticipated just from the analysis of the plane boundary problem. 

The generalization of the result ( [4.27|) to higher dimensions, c? > 2, is technically 
difficult. As a conjecture we, however, propose that the general structure of the Neumann 
correlation function for (i > 3 includes the series 

with respect to variable cr = 2_Rsin^, 7 is geodesical distance measured on unit sphere 

S'^ and cj^'' are constant coefficients. Note that all terms in the series are proportional 
to R^^''^\ The expression ( [4.29|) is worth comparing with the Eq.( p.7|) . It seems that 
the behavior ( [4.29|) , (|3.7|) is typical for the correlation function in the free (Neumann) 



phase. In both cases the expected term ~ gets modified by a series with respect to 



dimensional parameter (additional to the geodesical distance cr) which is h in Eq. (|3?7|) 
and R in 



In the massive case the arguments similar to that of Section 4.3 say that taking the 
limit R —>■ one gets the massless Neumann correlators ( [4.27] ), ( |4.29| ) provided that we 



rescaled the Neumann boundary operators: On = As a consequence of this, 

the correlator arising in the Neumann problem on a product space x S (S is a 

compact manifold) possesses in the limit of small R {R is radius of the boundary in i?''"*"^) 
the factorization 

KnIS'^ X S] = 5e Kn[S'^] (4.30) 
similar to what we had for the Dirichlet case ( [4.19|) . 
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5 Anti-de Sitter (AdS) space with boundary 
at infinity 



5.1 Dirichlet problem on AdSd+i 

General analysis of AdS spaces we start with the consideration of two-dimensional AdS 
space H^. It is space of constant negative curvature — ^ described by the metric 

ds^ = l'^{dx^ + sinh^ xdcf?) , (5.1) 

where the coordinates (x, cj)) run in the limits < < 27r, < x < +oo. Boundary B of 
the space is a circle lying at the infinite value of the coordinate x. Considering the 
Laplace equation on we impose the Dirichlet boundary condition u\x^j^oo = f{<P) on 
the field function u at infinity. 

Green's function which satisfies the Dirichlet condition Gh2[x, x', 0, (J)') = at infinity 
(x oo) takes the following form 

G'//2 = -^Intanh^ , (5.2) 

where a is geodesical distance between points (x, 0) and {x',(f)') on H^, it can be found 
from the relation 

cosh — = cosh X cosh x' — sinh x sinh x' cos(0 — 0') , (5.3) 

which is a hyperbolic analog of the relation ( [4.28|) for the geodesical distance on 2-sphere. 

Fixing the point [x' , 0') consider the limit when the second point {x, 0) goes to infinity 
{x +oo). In this limit we have = ^e~~ . On the other hand, we find from the 
relation (15.31) that 



e"^ ~ e^A(a;', - 0') , A(2;', - 0') = cosh(a;') - sinh cos(0 - 0') . (5.4) 
Hence Green's function for x +00 reads 

1 e"^ 

GH^ = --r- . (5.5) 

TT A 

Normal derivative dn = l^^dx of this expression 

is exponentially decreasing for x going to infinity. 

The measure = I sinh xd(j) arising on the boundary B contains the exponentially 
growing factor. Therefore, applying the general formula ( p.lO| ) we find the solution of the 
elliptic problem on with Dirichlet boundary condition at infinity in the form 

u^u> 0') = 1. (5 7^ 

' 2tx Jo cosh(x') — sinh x' cos(0 — 0') 

that is a hyperbolic version of Poisson's integral ( [4.51 ). Note, that ( |5.7| ) gives us the 
solution of the Laplace equation on the whole space H^. 
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Putting x' = in ( |5.7| ) we find that m(0, 0') = Jq^ f{(p)d(f) for value of the harmonic 
function u in the center of the space H^. It is exactly the same value which we get in the 
case of flat disk (putting po = in ( [4.5| )). On the other hand, considering x' +oo in 
( |5.7|) we flnd that the kernel in the integral (|5.71 ) reproduces 5-function 6{(f) — (f)') what is 
in agreement with the imposed boundary condition. 

Taking the limit x' — >■ +oo in ( |5.6| ) and calculating the normal derivative dn' = l~^dx' 
we find that 

and the action ( |2.13| ) reads 



2 p^TT p27r 

^io io ^^^'sin^(^)- 



This results in the correlation function 

arising on the boundary B = with measure ad<p. It exactly reproduces the correlation 
function ( [4.6| ) appearing in the Dirichlet problem on fiat disk D^. It is as expected since 
spaces and are conformally related. 

These results can be generalized for higher- dimensional AdS spaces. The {d + 1)- 
dimensional hyperbolic space H'^^^ is described by the metric 

ds"^ = f{dx^ + sinh^ xdu"^) , (5.9) 

where dui"^ is metric of d-dimensional unit sphere S'^, set of angles {6'j, i = 1, ...,d} being 
coordinates on 5''^. The geodesical distance a between two points (x, 6) and (x', 6') on 
W^^^ can be found from the relation 

cosh — = cosh X cosh x' — sinh x sinh x' cos 7 (5. 10) 

t 



analogous to eq. (|5.3|) , 7 is geodesical distance measured on unit sphere S'^. Solution of 
the Laplace equation = on W^^^ for large values of x behaves as follows 

u{x,e)^UQ{e) + u^{e)e-'^'' , (5.11) 

where Uq and ui are some functions on S'^. Demanding that zx(x, 9) is regular at x = 
one finds that only one of these functions is independent. 
The Dirichlet boundary condition at infinity reads 

u{x,e%^^ = f{e) . 

As in two-dimensional case we fix point (x', 6') and consider the other point (x, 6) ap- 
proaching infinity. Green's function in H*^^^ space vanishing at infinity has the following 
integral representation 
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We, however, need to know only behavior of Green's function for large values of a 



We find from (|5.10 ) the expression 

ef ~ e'^ A(x',^,6'') , A(2;', ^, 6*') = cosh x' - sinh x' cos 7 , (5.14) 

valid for large value of x, 7 is geodesical distance on 5''^ between points with coordinates 
d and e'. Equation is a higher- dimensional generalization of eg. ( ^.41) . Combining 

( |5.13| ) and ( |5.14| ) we get Green's function for large values of x 

We see from (|5ll| ) and ([SlSj) that {dnGu) ~ e"^^ + ©(e-^"^^) and {dnuG) ~ ©(e-^'^^). 
Measure = /'^ sinh"' xd^{9) induced on the boundary B grows as e'^^ for large x. There- 
fore we conclude that the first term in Green's formula (|2.6| ) is negligible for large x and 
the solution of the Laplace equation for the Dirichlet boundary problem is indeed given 
by the expression (|2.10| ). After simple computation we get 

for the solution and 

Wd = ^f-' I J m—^Ji9')dMdi^{9') (5.17) 

for the boundary action. 

Interpreting the kernel in the integral ( |5.17| ) as a correlation function for operators 
Od{9) consider the boundary source term Oofdfi. It is finite if the operator Od ~ e~'^^ 
for large x. This is an indication that Od should have dimension d. Therefore, the correct 
source term should be /~ j^Oofdii and the correlation function for Or, reads 

< OMff) >= ~Jjr^ . (5.18) 

where we introduced a scale a defying measure on the boundary S'^ as a'^dfi{9), the scale 
a drops out in ( |5.17| ) and its value is completely irrelevant. The consideration of this 
section is in agreement with the results obtained in p|, 0]. 

5.2 Neumann problem on AdSd+i 
As in the previous subsection we start with the consideration of two-dimensional case. 
The Neumann condition at infinity of the space is formulated as follows 

(a„M-^(0)e-^)|™ = O , (5.19) 
where g{(f)) is a function on = S*^ which satisfies the condition ( p.5|) Jj^ g{9)dfi{(f)) = 0. 
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We search Green's function for the Neumann problem on by analogy with the flat 
case described in Section 4.6 as a solution of the inhomogeneous Laplace equation 

□G„ = (6.20) 

satisfying the boundary condition 

a„G'^|™ = c + 0(e-2-) , (5.21) 

where c is some constant. 

The solution of the equation ( |5.20|) can be found explicitly 

Gn = In sinh y . (5.22) 
2% I 

Expanding this expression for large a and taking into account (|5.4| ) one gets 

11 1 e~^^ 

We see that Green's function ( |5.22| )-( |03| ) satisfies the condition ( |5.21| ) with c = 
The solution of the Neumann problem then is given by the expression 



un(x',6')= / GNdnU 
JB 

-— / g{(f)) In (cosh x' — sinh x' cos(0 — (f)')) Idcp . (5-24) 
47r Jo 



This results in the boundary action 



W[un] = -— / / g{ct>) lnsm\^^—^)g{(P')ld<pid<P' (5.25) 

lOTT JO JO 2 

and the correlation function 

K^(0,0') = --i-insin2(i^) (5.26) 

what is identical (up to a constant factor) to the Neumann correlation function ( |4.23| ) 
appearing on the boundary of two-dimensional fiat disk D^. It is due to the conformal 
equivalence of spaces and D^. The difference in the factor can be removed by the 
rescaling the function g{(f)) and/or re-defying the radius of the circle S^. 

The solving the Neumann problem on higher-dimensional AdS spaces goes in a similar 
manner. The Neumann condition at infinity of the space can be imposed as follows 

(dr^u-g{e)e-''^) =0 , (5.27) 

where g{6) is a function on B = S'^ , Ji^ g{6)dfj,{6) = 0. Green's function Gn(x,x' ,9,9') 
for the Neumann problem should satisfy the condition 

dnGN\x^oo = c+o{e"''') , (5.28) 
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where c is a constant and o{z) is defined as z~^o{z) — if 2 — 0. Tlie asymptote ( |5.28| ) is 
necessary to liave dnGNU = const. Tlien the solution of the Neumann problem is given 
by the expression (|2.10| ). From the condition ( p.28 ) one finds the form of the function Gn 
for large x 

GNix,x',9,e')=c(r + o{e~'^^) , (5.29) 

where a ~ xl + I In A{x' ,9,6') (see eg. ( ^.141) . This leads us to the expression for the 
solution of the Neumann problem on H'^'^^ 



un(x' ^' 



e') = cl I \Yi/\{x',e,e') g{e)dfi{9) + constant , (5.30) 



where A{x' , 9, 9') takes the form ( 5.14 ). The above arguments leading to eq.( 5.30|) are not 
rigorous. We, however, may check by direct computation that that the function ( p. 30] ) is 
a solution of the Laplace equation Ou^ = on the whole space H*^^^ . It is seen from the 
fact that on AdS space H*^^^ the function In A(x', 9, 9') is a solution of the inhomogeneous 
Laplace equation^ 

u\nA{x',9,9') = ^ . 

Therefore, acting the Laplace operator □ on the function ( |5.30|) and using the condition 
( p.5|) we find that Dwat = 0. 

It is also easy to check that ( ^.30| ) satisfies the condition ( |5.27| ). For large x' and for 
^' ~ ^ we have for the normal derivative of ( ^.30|) 

l-'d^,u^{x', 9') ^ 4ce-'^' Jg:^g^f^^;=^9{0)dm , 

where \9 — 9'\'^ = Y.i=i l^i — ^iP- It approaches for large x' the condition (|5.27|) provided 
that we exploit (for A; = 1) the limit 



i\9-9'\^ + 2eY 



ak6\9 - 6') (5.3i; 



when e — > 0, where the 5-function is defined by the condition /^d 5'^{9 — 9')dfi{9) = 1 and 
Ok is some numerical coefficient (actually, the constant c in ( |5.28| ) is determined by the 
condition icai = 1). 

Inserting the solution ( |5.30| ) into the boundary action IVfiiAr] = | J^UMdnUN we obtain 
that 

iy[M7v] = c2-('^+i)/'^+i / g{9) Insin^^ g{9')di2{9)dfi{9') . (5.32) 

Thus, we find that the Neumann correlation function (defined as second derivative of 
Vr[nAr] with respect to g{9)) 

< On{9)On{9') >= Kn{9,9') = c^lnsin^ | (5.33) 



has universal for all AdS spaces logarithmic behavior. The correlation function ( 5.33 ) 
appears to be natural if we analyze the boundary source term J^ONdnud^. It is finite if 



t In the appropriate coordinate system the Laplace operator takes the form 
□ = r 2— 13-^9^, sinh'^ a;'9:,. + l-^ ■ A , . Ji^„ de' sin'^-i 0' 
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the operator On approaches finite value for large x, i.e. On should have dimension and 
( |5.33D is the correlation function of operators of such dimension. 



5.3 Dirichlet and Neumann problems on AdSd+i for massive field 

The solution of the Laplace equation with mass ( [4.10|) behaves at infinity of AdS space 
as follows 

u{x, 6) = uo{e)e^+^ + Mi(6')e"('=++'^)" , (5.34) 



where A;_|_ = 2^^ {y(P + ^rn? — d) and —{kj^+d) are two roots of the equation k{d+k) = m^. 
Only one of the functions uq{9) and ui{9) is independent. Fixing one of them on the 
boundary S'^ of AdSd+i we should be able to determine the other one. We have the 
Dirichlet boundary problem when the function Uo{0) is fixed at infinity. In the other case, 
fixing the function Ui{9) we have the Neumann problem. 

It is easy to see that the boundary action Wb = \ Ib udnU considered on a function of 
the form (|5.34]) diverges 



B ~ 



2d+l Jga 

for large x and needs to be regularized. A natural way of doing this is just to subtract 



the contribution of the leading term in (|5.34|) 



Wreg = WB[u]-WB[uoe''+''] . (5.35) 

The regularized action then 

Wrea = J^^ u,{e)u,{e)dm (5.36) 

is finite. Note, that the way we define Wreg is similar to the subtraction procedure one 



usually applies to make finite the gravitational action [^. One subtracts the contribution 
of the asymptotically dominant part (typically it is that of fiat space-time) of the metric 
considering it as a background. This is exactly what we are doing in ( ^.35|) . 

In order to calculate the regularized boundary action (|5.36|) we have to find (for each 
type of boundary condition) the functional relation between Uq{6) and Ui{9). We start 
with the considering the Dirichlet problem when uq{6) is fixed at infinity. The corre- 
sponding Green's function Gd is a solution of the equation (□ — m?)G£) = and for large 
X behaves as follows 

On ^ ce-^'-^'^T ^ . (5.37) 

It is important to note that the solution of the Dirichlet problem in this case is not given 



by the equation (|2.10|) since the term {G£)dnu) does not vanish at infinity. We have to 



use Green's formula (|2.6| ). The solution then reads 

ub{x\ 9') = '-^{2k^ + d) ^M^) ■ (5-38) 

The kernel ^k\+d of the integral (|5.38|) approaches (see equation ( |5.31D ) ak^e^+^6'^{9 — 9') 
when 7 (6* — > ^') and is e~'^'^++'^)'^(sin^ for 7 7^ 0. The singular part of the 

kernel after the integration gives the term uo{9)e''+^ in ( |5.38|) what is in agreement with 
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the imposed Dirichlet condition. On the other hand, the finite part of the kernel gives 
the functional relation 



MO') = ^(2fc, + d) I j-^^,dm ■ (5-39) 



It should be noted that the separation made in the kernel ^k^+d on singular (when 7 
0) and finite parts is not well-defined since the "finite" part proportional to 



(sin2 X f++'i 

diverges when 7^0. In fact, the finite part is defined up to the term a6'^{9 — 9') 
with some (divergent) coefficient a. It can be chosen to regularize the kernel . 2 -^-.k.+d ■ 

(sm -j) + 

Below (and earlier in ( p.l7| ), ( p.l8| )) namely this definition of the kernel should be meant. 
Mathematically strict consideration of the divergent kernels and their regularization can 
be found in in the present context it was done in 0, p. 



The substitution of (|5.39|) into eg. ( ^.36|) gives us the regularized boundary action for 
the Dirichlet boundary problem 



Wreg 



cdP'^~'^ r 1 

M = -^55Tr(2^+ + d) J^^Uoi9)j—^j^^uoi9'Wie)dfxie') . (5.40) 

The boundary correlation function then reads 

Kn{9,9') = -cdf'-'2-'^''^'\2k^ + d) ^_^_,l . (5.41) 
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The mass m, thus, results in the anomalous dimension of the boundary operator Oo- 
This was demonstrated in , . The divergence of the kernel in ( ^.40| ) , (|5.41|) for 7 — > 
signals about the UV divergence of the boundary theory. Remarkably, if we put the 
boundary at finite from the center of AdS space distance xb the kernel occurs to be finite 
what is seen from ( |5.38| ). The divergence appears only when xb goes to infinity. Large 
Xb means infra-red regime in the bulk theory. So, we find that it is related to the UV 
regime of the boundary theory. This relation was recently pointed out by Susskind and 
Witten |2|]. 



In the Neumann problem we fix the function Ui{9) at the infinity of the space H'^^^. 
Green's formula (|2.6|) says us that 



UN 



■k+x 



It gives us the solution of the Neumann problem if the solution mat in the bulk is deter- 
mined only by the function ui fixed on the boundary. It is so if Green's function Gn 
satisfies the conditions 

duGj, - ^-fGj, = o(e-('^+^+)^) 

dnGN + ^^^^ Gn = constant e^+'' + o{e^+'') . 
The function which satisfies these conditions is 

G^ = ^e'=+T+o(e-('^+'=+)") , (5.42) 
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where Ci is a constant and we include the factor in order to have the correspondence 
with the massless case: Gn — c\o + const when A;+ 0. 
Using ( |5.42|) we find 



un{x\ 0') 



Cil 



2d 



(2k+ + d)^l A''+(x',e,e')ui(e)dM 



(5.43) 



for the solution of the Neumann problem. 

That the function (|5.43| ) is a solution of the equation (□ — m'^)u = on follows 
from the fact that the function A'^(a;', 9, 9') for arbitrary k satysfies the equation 



□A*^ = k{k + d)A^' 



(5.44) 



Thus, for = fc+ we find from ( [5.44| ) that the kernel A'^+ arising in ( |5.43| ) is a solution 
of the Laplace equation with mass m. Another solution of the massive field equation 
corresponds to the value k = — (A;+ + d) and is the kernel A~('^++'^) ( ^.38| ) arising in the 
Dirichlet problem. 

9' we have A''+{x', 9, 9') e~^^++'^^''akj'^{9 - 9') what is obtained from (lOT 



If 6* 



by analytical continuation to negative k. The integral ( [5.43[ ) then reproduces the term 
Mi(^)e~*^'^++'^-*^ as it should be by the imposed boundary condition. The regular part of 
the kernel A'=+ in gives us the functional relation 



'sin'lf^u,{9)d^Ji{9) 



(5.45) 



between the functions uq and Ui. Substituting (|5.45|) into the regularized action (|5.37| ) 
and taking the variational derivatives with respect to ui{9) we find 



Kn{9,9') 



Cidl 



2d-2 



(5.46) 



for the Neumann correlation function. We see that due to the mass in the bulk the Neu- 
mann operator O^r on the boundary 5''^ of the space AdS^+i acquires negative anomalous 
dimension — As a consequence of this the Neumann correlation function ( |5.46| ) van- 
ishes when the points 9 and 9' coincide. However, if 2k+ is not integer then n-order 
derivative of ( ^.461) diverges ai 9' = 9 for n > 2k^. This means that Kn{9,9') (|5.46|) is 
not analytical at 9' = 9. We see that mass m plays the role of regulator for the Neumann 
correlator (|5.33|) and makes it finite at the coinciding points. In the bulk mass typically 
improves the infra-red (IR) behavior of the theory while the short distance divergences of 
correlators are of UV nature. So, what we find for the Neumann correlator seems to be 
another manifestation of the relation between IR regime in the bulk and UV regime on 



the boundary noted in |28 . 



6 Hierarchy of correlators 

Summarizing the results of Sections 4 and 5 we have found that the correlators (both the 
Neumann and Dirichlet ones) arising on sphere S"^ (considered either as a boundary of a 
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domain of flat space i?'^^^ or Anti-de Sitter space H'^^^) are functions of the geodesical 
distance 7 measured on S'^ and are constructed by means of the following basic elements 

Ko = - Insin^ ^ , K„ = , n>0 . (6.1) 

2 sm 

The functions ( |6.1|) can be defined on sphere of arbitrary dimension d. The geodesical 
distance 7 then is the azimuthal angle 6 between the points P and P' on S'^. However, 
only on sphere of certain dimension an element ( |6.1D can be considered as a correlator of 
free fields. In oder to make this statement more precise we consider the set of differential 
operators A„_|_i = ■^r^dg{sm"' 6dg) . An+i is the "azimuthal" part of the Laplace operator 
on {n + l)-dimensional sphere S"'~^^. We have the following set of recurrent relations for 
the elements KniO) (|0|) 

Tl 

An+2Ko = --K2 + {n + l) 

An+2 - ^171(211 - m + 2)^ Km = ^m{m - n)Km+2 , m 7^ (6.2) 

Note that the combination A^+i — A„ = cot Ode is the first oder differential operator. The 
elements ( |6.1|) satisfy also the first oder differential recurrent relations 

cot OdeKo = -^K2 + ^ 

Tl Tl 

{coiede--)Kn = --Kn+2 , (6.3) 



which are analogous to the relations ( p.9|) for the correlators arising on plane boundary. 

We will say that K is primary correlator on S"^ if K ~< (j)[P)(f)[P') > where (p{P) is 
a field on S'^ satisfying free (second order) field equation. In other words, the primary 
correlator is the one on which the recurrent sequence ( |6.2| ) stops for certain n and m and 
does not produce a new correlator. Non-primary correlators are correlators of composite 
operators built from the free fields. We say that correlator K is a descendant if it is 
obtained by differentiating a primary correlator. One can see from the relations (|6.2| ) 
that a correlator Kn is primary on (n + 2)-dimensional sphere 5'""'"^. Indeed, we find from 
^ that 

A2K0 = 1 

k..-^^Un = . (6.4) 



It is easy to recognize the conformal nature of the operators in ( |6.4D . Therefore, Kn is 
correlator of conformal field (p{x) on sphere 5*"+^ satisfying the conformal field equation 

A20 = cn ,n = 

(An+2-^^^^7^)0 = O,n>O (6.5) 

where c is two-dimensional central charge and the scalar curvature TZ of (n+2)-dimensional 
unit sphere S'""'"^ is [n -|- 2)(n -|- 1). There are two different points of view on the corre- 
lation functions under consideration. For example, the Neumann correlator ( [4.29|) of the 
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boundary operators can be viewed as entirely arisen on sphere S'^ with only compo- 
nent Kd-2 being a primary correlator. In the dual picture the operator On is considered 
to be a composite of the free field operators (9[S''"] having support on sphere S"^. The 



correlator ([4.29|) arises then for points P and P' lying on the intersection of the set of 
spheres S'^'^'^, S'^, S'^~"^, S"^ with a component i^rf_m-2 being the primary correlator 
on sphere S'^~^. 

As another illustration of this let us consider the correlator Kq. It arises as the 
Neumann correlator on the circle being boundary of two-dimensional disk . On the 
other hand, can be considered as a meridian on 2d sphere S"^ and Kq is the primary 
correlator of conformal scalar field on S"^ described by the action 

W[S'] = X.QW)'-^^'^) • (6-6) 

The correlator K2 arises on in the Dirichlet problem on D^. On S"^ it is interpreted 
as a descendant of Kq since we have from ( |6.2| ) that —2dgKQ{9) = (6*). On the other 
hand, K2{9) is the primary conformal correlator on four- dimensional sphere S"^. 

As we saw in the previous Section, the correlator Kq also arises on sphere S'^ in the 
Neumann problem on Anti-de Sitter space AdS^+i and the present analysis shows that it 
has natural two-dimensional description. The Dirichlet problem on AdS^+i produces the 
correlator on the boundary S'^. It is primary on {2d + 2)-dimensional space S'^'^^'^ . 
In the context of the works 0, the five-dimensional AdS space is of interest. The 
Dirichlet correlator arising on 4-dimensional boundary is K^. On S'^ it is a descendant 
of the primary correlator K2. At the same time it has a dual 10- dimensional description 
on S^^ as a primary conformal field correlator. 



7 Phases on the boundary of AdS space 

In this Section we want to point out on the existence of various phases of the field theory 
living on the boundary of Anti-de Sitter space. These phases may arise in essentially two 
different ways. 

7.1 Neumann and Dirichlet phases 

In the first way phases arise on the boundary of AdS space when we impose the mixed 
boundary condition similar to what we considered in Section 2 for fiat space. This condi- 
tion should be consistent with the asymptotic behavior ( |5.34| ) of a solution of the massive 



Laplace equation in AdS space. In order to formulate it we introduce the field u = ue 
with the asymptotic behavior 

at infinity. In terms of the field u the third type boundary condition can be imposed as 
follows 

dnu + /ie-(2'=++'')"M = (7(0)e-(2'=++'^)" (7.1) 

or, equivalently, 

hu^ie) - {2k+ + d)l-^ui{9) = g{e) . 
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As it is seen from ( |7. 1| ) the coupling h being considered as a function on the boundary has 
dimension {2k+ + d). The dimensional analysis occurs to be useful in finding the asymp- 
totic behavior of the corresponding correlation function arising on the boundary. We 
have 

K^^,) ~ ^a''+ + ha^''++^ + 0{h^) (7.2) 



1 

k 

for small h and 



^ ^^2;^ + O(^) ' (7-3) 

for large h, where a = a sin | and we omitted the numerical coefficients. The equations 
( [7.2|) -( [7r3D mean that K(h) ~ Kjq for small h and ~ p-i^D for large h in agreement 
with the consideration of Section 2. In the massless case 0) the term j-o'''+ in 

( [7.2| ) should be replaced by Incr. The picture of phases arising on the boundary of AdS 
space is similar to that we had for flat space in Section 3. The only essential difference 
is that the coupling h in AdS space has higher scaling dimension (2A;+ + d) compared to 
the fiat space (where h has dimension 1). For a finite value h there are two phases of the 
boundary system. In the regime {ha'^^^^+) << 1 the free (Neumann) phase is restored 
and the correlation function behaves as (|7.2|) . On the other hand, for [ha'^^'^'^+) >> 1 
we have the Dirichlet (strong coupling) phase. Thus, the coupling h brings some natural 
scale on the boundary so that the boundary theory at a finite h is not conformal, though, 
it interpolates between the conformal phases. 

It should be noted that the Neumann phase arising on the boundary of AdS space 
is quite different from what we had in fiat space. In the massive case the Neumann 
correlator ( |7.2| ) does not diverge at the coinciding points. Though, for arbitrary mass 
(/c+) it is non-analytical at the point cr = in the sense that higher order derivatives of 
K]\f{a) become divergent there. When mass is zero (/c_|_ = 0) the Neumann correlator 
Kn ~ In (T is logarithmic. Remarkably, it is so in all AdS spaces independently of the 
dimension. 

We stress that the correlators arising in the Neumann phase well behave at the coin- 
ciding points. In the massless case the divergence is logarithmic there and, therefore, is 
integrable. So, integrals involving Kjy are finite. In the massive case the situation even 
better since the Neumann correlator is out of divergence at all. In the Dirichlet phase 
the correlators diverge as cr~^'^ in massless case and as 0-"^^'^"'"'^+^ in massive case. These 
divergences are not integrable. Therefore, we need to use some regularization in order to 
give sense to the integrals involving K^- Tracing these divergences to the UV behavior 
of the boundary theory one could say that the theory is finite in the Neumann phase 
and renormalizable in the Dirichlet phase. Note, that the presence of mass in the bulk 
improves the behavior of the Neumann correlator and makes worse the behavior of the 
Dirichlet one. 

The Neumann correlator arising at the infinity of AdS space takes the same form as 
the correlator arising in the Neumann problem on the fiat disk with boundary S^. 
The circle can be considered as lying on the sphere S'^ (boundary of AdS space) and 
joining the points P and P'. The geodesical distance 7 between the points P and P' 
then is the angle \<f) — <f)'\ measured on the circle S^. Two bulk theories, one is living 
on AdSd+i and another on D^, produce the same correlator on the circle. On the other 
hand, the corresponding boundary theories (living on and S'^ respectively) both have 
dual description as a conformal theory (|6.6|) on two-dimensional sphere S"^. This fact, in 
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particular, proposes that the Neumann phase on the boundary of AdS space may have 
infinite-dimensional underlying conformal group of symmetry. It is in contrast with the 
Dirichlet phase whose conformal symmetry is finite-dimensional. 

In the construction considered in [|l|, 0, the Anti-de Sitter space is AdS^ and the 
four-dimensional theory on the boundary is identified with the large limit of a super 
Yang- Mill theory with gauge group SU{N). The scalar Dirichlet boundary operator 
then should have dimension 4 and can be constructed from the Yang-Mills field A^: 
Od = Tr{F^vF^^). In the Neumann phase the boundary operator should have dimension 
0. It seems that no such operator can be constructed from local combinations of A^ and 
its derivatives. A possible candidate for the boundary operator in the Neumann phase is 
the non-local one 



where Cp is a circle shrinking to the point P. It is also an interesting question as what 
meaning in terms of the Yang-Mills theory may have the boundary coupling h. 

7.2 Infinity-horizon transition in AdS like space 

In general, the location of the boundary in the AdS space can be arbitrary. One may put 
it ai X = xb and consider the domain < x < of the AdS space. When the boundary 
moves across AdS space this induces some automorphism in the theory living on the 
boundary. In some cases this automorphism is trivial and the boundary field theory 
does not depend on the choice of the boundary. This is the case in three dimensions 
when the theory in the bulk is the Chern-Simons theory. It induces a conformal (Wess- 
Zumino) theory on the boundary which remains the same no matter where one chooses 
the boundary. Note, that this is a feature of this concrete model which is mainly due to 
the absence in the bulk of the propagating degrees of freedom in the Chern-Simons theory. 
In general, the moving the boundary may lead to drastic deformation of the field theory 
on the boundary. In the case under consideration, the theory in the bulk is described 
by the Laplace equation. Varying xb-, the location of the boundary, we find that there 
are two limiting cases: when the boundary B approaches infinity (xp — >• cx) , B = B^o) 
and when it shrinks (x^ — > , B = Bq) to the center of the AdS space, in both cases 
the boundary is topologically sphere. In the later case the domain < x < is well 
approximated by domain < r < i? of fiat space R^^^ with sphere S'^ of radius R = Ixb 
as a boundary. The classical field theory on such domain and the correlation functions 
arising on its boundary S"^ were considered in Section 4. The theory on the boundary B 
of the AdS space is completely characterized by the scaling dimensions of the operators 
Od (in the Dirichlet problem) and On (in the Neumann problem). When the boundary 
is at infinity the dimension of On is — fc+ (in the massless case it is 0) while the dimension 
of Od is 2{d + /c+). On the opposite end, when the boundary stays arbitrary close to the 
center {x = 0) of the AdS space we have dimensions {d — 1) and {d + 1) respectively for 
the operators On and Oo- The limit — > is correctly accomplished if we deal with the 
rescaled operators On and Od defined as On = {"^Y^^On and Od = {^)~^^^Od 
where a is an arbitrary (finite) scale parameter playing the role of the radius of the 
sphere S'^. One then finds that the scaling dimensions of the operators On and Od are 
independent of the mass m and the correlation functions are effectively massless. The 
Neumann correlation function is presumably given by the series ([4.29|) with respect to 
the variable a = 2a sin |. It includes the logarithmic term In a. It happens that only this 
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term survives (in the massless case) when the boundary moves to the infinity where the 
Neumann correlator (|5.33|) has universal logarithmic behavior. 

The theory arising on Boo is not much sensitive to deformations made deep inside the 
AdS instanton. It is not so for the theory living on the boundary Bq because the topology 
of Bq may change drastically under some deformations. An interesting and important way 
to deform the AdS space is to put a black hole inside. The complete manifold remains 
asymptotically AdS space. The topology of the manifold near the center, however, is 
modified by the presence of the black hole horizon. It is that of the product space x S, 
where is two-dimensional disk and S = S'^~^ is the horizon surface. So that the 
boundary Bq is no more a sphere S'^ but the product space Bq = x T,. According to 
( [4.19|) and ( [4.30|) the correlation functions arising on Bq factorize i^gh = 6-£ Kgi , where 5^, 



is delta-function on E and Kg^ is the circle correlation function arising on considered 

as a boundary of two-dimensional disk D^. The averaged correlation function obtained 

by integration over S, // K^h = A-^Kgi, is proportional to the horizon area A-^. On 

s ^° 

Bq the boundary operators and On have the effective scaling dimensions and 1 
respectively. The Neumann correlator then 

Ksr = K,,{c^, 00 = Insin^ (7.4) 

4:71 I 

is purely logarithmic and is identical (after identifying the circle with geodesic joining 
the points P and P' on Boo = S'^) to the Neumann correlator on Boo- So, in the case 
of the black hole the Neumann phase remains unperturbed in the transition from the 
infinity to the horizon. As we discussed previously, the correlation function Kn{(P, 4>') has 
natural two-dimensional description as a correlator of free conformal fields on sphere S"^ 
(the circle is considered as a meridian on S"^). Therefore, the Neumann phase arising 
on the boundary Bq has dual conformal field theory description on the space S"^. On the 
other hand, the correlation function 

Ks. = Knicp, 00 = - , .\ (7.5) 

arising on Bq in the Dirichlet phase has a description as a primary correlator of conformal 
field theory on 4-dimensional sphere S^. So, in the Dirichlet case the boundary field 
theory on Bq is dual to the conformal field theory on S^. It is interesting to note that in 
four dimensions the correlator of the form (|7.5| ) appears also as a bulk correlation function 
of free quantum fields < (f{P)(p{P') > when both P and P' lie on the horizon S = S"^, 
6 in this case is the azimuthal angle on S. The bulk correlation function in this case is 
Green's function calculated in the Hartle-Hawking state. When at least one of the points 
lies on the horizon it can be found exactly as was demonstrated by Frolov |^ long ago 
for a charged rotating black hole. It would be nice to understand better the coincidence 
of two correlation functions. 

We see, thus, that the Dirichlet phase on the boundary deforms essentially in the 
transition from infinity to the horizon in AdS like space. This manifests in the scaling 
dimension of the Dirichlet boundary operator (that changes from value d at infinity to 
1 at the horizon) and in the behavior of the corresponding correlation function. The 
Neumann phase is, however, more stable under this transition. The scaling dimension 
of the Neumann boundary operator and the logarithmic behavior of the correlator (it is 
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so up to the factor at the horizon) remain the same. The boundary near black hole 
horizon, = 5"^ x S, has structure typical for the Euclidean description of a thermal field 
theory (the circumference of being the inverse temperature). Therefore, in terms of 
the boundary theory this transition seems to correspond to the high temperature regime. 
However, a more detail investigation is required. 
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